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ABSTRACT 
The Teng problem is a very special case of the inverse additive eigenvahre 
problem. Teng has shown that all the solutions of this problem are given by roots of a 
polynomial f(t) in one variable. He has obtained explicit expressions for coefficients 
of the polynomial. We show that even such a simple inverse eigenvalue problem as the 
Teng problem cannot be solved over C by radicals. 
The inverse additive eigenvalue problem is well known. It can be put as 
follows: Let A E C”,” be a futed matrix with diagonal elements all equal to 
zero. Find a diagonal complex valued matrix D = diagcd,, . . . , d,) such that 
the spectrum of 
C=A+D (1) 
is a given set h = {A,, . . . , h,} E C. 
Inverse additive eigenvalue problems are always solvable over C and have 
a finite number of solutions. This was proved by Friedland in [l]. 
A very special case of the inverse additive eigenvalue problem was 
considered by Teng in [2]. For the Teng problem 
A = (YB, + /3B,;, (2) 
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where (Y, /3 are fixed complex numbers, and 
0 0 0 ..a 0 0 
1 0 0 *.. 0 0 
B, = 1 1 0 *.. 0 0 . (3) 
. . . . . . . . . . . . . . . . . . 
1 1 1 ... 1 0 
1 
Teng was able to show that the numbers d,, . . . , d, which constitute a 
solution of this problem are roots of a polynomial f(t) of degree n in one 
variable. He gave the explicit expressions for coefficients of this polynomial in 
El. 
It turns out that even such a simple inverse eigenvalue problem as the 
Teng problem cannot in general be solved over C by a finite algorithm 
employing arithmetic operations and extractions of k th roots for any natural 
number k. It will be sufficient to give a specific example of such a finitely 
insoluble problem, and we do that for n = $5 and (Y = P = 1. 
Letting F, = d, - 1 (i = 1,. . . , n) and 
M = diag( p,,...,p,,), 
we can write 
C = M + ],, (4) 
where all the elements of Jn are equal to 1. Then some simple relations exist 
between elementary symmetric functions of the numbers A,, . . . , A,, , 
and the functions S’,( ~1 = S,( pi, . . . , F,,>. We have for n = 5 
S,(P) + 5 = S,(h), 
S,( P> + 4S,( P) = S,(h), 
S,( F) + 3S,( Pu) = S,(h), 
S,( PC) + 2S,( P> = S,(A), 
S,5( P*> + S,( P> = S,(X)- 
($5) 
(6) 
(7) 
(8) 
(9) 
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All these equalities can be easily deduced from (4). 
The relations (5)-(g) establish a one-to-one correspondence between the 
5-tuples (S,( II), . . . , S,( CL)) and (S,(h), . . . , S,(A)). As the latter can be, with 
the appropriate choice of the assigned eigenvalues A,, . . . , A,, any 5-tuple 
from C”, the same is true for the former 5-tuple. In particular, assigning the 
numbers A,, . . . , As so that 
S,(h) = 5, S,(A) = 0, S,s( A) = 0, 
S,(h) = -4, S,( A> = -2, 
we obtain 
S,( P) = S*( Pu> = Sd P> = 0, S,( P) = -4, S,( P) = 2. 
Therefore, the numbers ,u~, . . . , ~~ must be the roots of the equation 
/.&5 - 4/l - 2 = 0. (10) 
It follows from Galois theory (see, for example, [3, Chapter VIII]) that 
most algebraic equations with complex coefficients of the fifth and higher 
degree cannot be solved finitely over C if only arithmetic operations and 
extractions of k th roots are allowed. In particular, this is true for the equation 
(10). That shows that in general the Teng problem is not finitely soluble over 
C. 
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